Abstract. Let R be a ring and M be a left R-module. M is called a cofinitely generalized (weak) δ-supplemented module or briefly a δ-CGS-module (δ-CGWS-module) if every cofinite submodule of M has a generalized (weak) δ-supplement in M . In this paper, we give various properties of these modules. It is shown that (1) The class of cofinitely generalized (weak) δ-supplemented modules are closed under taking homomorphic images, arbitrary sums, generalized δ-covers and closed under extensions. (2) M is a generalized cofinitely δ-semiperfect module if and only if M is a cofinitely generalized δ-supplemented by generalized δ-supplements which have generalized projective δ-covers.
Introduction
Throughout the paper, R will be an associative ring with identity and all modules are unital left R-modules unless otherwise specified. Let [8] ). If N + K = M and N ∩ K ≪ M , then K is called a weak supplement of N in M , (see [4] , [11] ), and clearly in this situation N is a weak supplement of K, too. M is a weakly supplemented module if every submodule of M has a weak supplement in M .
By Zhou [10] Also any non-singular semisimple submodule of M is δ-small in M and δ-small submodules of a singular module are small submodules. For more detailed discussion on δ-small submodules we refer to [10] .
Let K, N be submodules of a module M , then N is called a δ-supplement
Let M be an R-module and let N and K be any submodules of M with [5] , M is called a generalized δ-supplemented module (or briefly δ-GS -module) if every submodule N of M has a generalized δ-supplement K in M . In [5] , an R-module M is called generalized weakly δ-supplemented (or briefly δ-GWS -module) (δ-WGS -module in [5] ) if every submodule K of M has a generalized weak δ-supplement N in M . Also in [5] , M is called a generalized amply δ-supplemented module (or briefly a δ-GAS -module) if whenever M = N +K for submodules N, K of M , then N contains a generalized δ-supplement of K in M . For characterizations of generalized (amply) δ-supplemented and generalized weakly δ-supplemented modules we refer to [5] .
Let M be an R-module and let N and K be any submodules of M with [6] , M is called generalized supplemented module (or briefly GS -module) if every submodule N of M has a generalized supplement K in M . In [6] , an R-module M is called generalized weakly supplemented (or briefly GWS -module) (WGS -module in [6] ) if every submodule K of M has a generalized weak supplement N in M . For characterizations of generalized supplemented and generalized weakly supplemented modules we refer to [6] and [9] .
M is called a cofinitely (weak) supplemented module if every cofinite submodule of M has a (weak) supplement in M (see [1] , [2] ). Clearly supplemented modules are cofinitely supplemented and weakly supplemented modules are cofinitely weak supplemented. M is called cofinitely generalized supplemented if every cofinite submodule of M has a generalized supplement (see [3] ). Since every submodule of a finitely generated module is cofinite, a finitely generated module is generalized supplemented if and only if it is cofinitely generalized supplemented.
A module M is called cofinitely generalized weak supplemented (or briefly a CGWS -module) if every cofinite submodule of M has a generalized weak supplement. Clearly generalized weakly supplemented modules and cofinitely weak supplemented modules are CGWS-modules.
In this paper, we define cofinitely generalized (weak) δ-supplemented modules and investigate some properties of them. It is clear from definitions, that a generalized δ-supplemented module M is a δ-CGS-module, and if M is finitely generated, then the converse also holds. Next we give some properties of δ-CGS-modules.
Proposition 2.2. Let M be a δ-CGS-module, then any factor module of M is a δ-CGS-module.
Proof. Let M be a δ-CGS-module and N be a submodule of M . Any cofinite submodule of
by Lemma 1.5 in [10] . Hence
Corollary 2.3. Any homomorphic image of a δ-CGS-module is a δ-CGS-module.
To show that an arbitrary sum of δ-CGS-modules is a δ-CGS-module, we use the following standard lemma.
Proposition 2.5. Any arbitrary sum of δ-CGS-modules is a δ-CGSmodule.
Proof. Let M = ∑ i∈I M i where each module M i is a δ-CGS-module and U be a cofinite submodule of M . Then M U is generated by some finite set 
Proof. Let U be any cofinite submodule of M . By assumption, there is a submodule
Hence X is a δ-supplement of U in M and it follows that M is cofinitely δ-supplemented.
Let M and N be R-modules.
and M is called a generalized δ-cover of N with an epimorphism f : M → N . A generalized δ-cover f : P → N is called a generalized projective δ-cover in case P is a projective module. δ(M ) is the sum of all δ-small submodules of M , every δ-cover is generalized δ-cover. We have the following basic properties of (generalized) δ-covers.
Lemma 2.11. If both f : P → M and g
Proof. If both f and g are δ-covers, then gf is a δ-cover by Proposition 4.3 in [7] . Now let both f and g be generalized δ-covers.
Lemma 2.12. (1) If each
is a generalized δ−cover. [7] . So ⊕ i∈I f i is a generalized δ-cover.
Proof. (1) Lemma 4.4 in [7] (2) Since each Ker(f
i ) ≤ δ(P i ) we have Ker(⊕ i∈I f i ) = ⊕ i∈I Ker(f i ) ≤ ⊕ i∈I δ(P i ) = δ(⊕ i∈I P i ) by Lemma 2.2 in
Cofinitely generalized weak δ-supplemented modules
In this section we define and study cofinitely generalized weak δ-supplemented modules. 
by Lemma 1.5 in [10] . This completes the proof.
Corollary 3.3. Any homomorphic image of a δ-CGWS-module is a δ-CGWS-module.
To show that an arbitrary sum of δ-CGWS-modules is a δ-CGWSmodule, we use the following standard lemma.
Lemma 3.4. Let M be a module, N and U be submodules of M with δ-CGWS-module N and cofinite U . If N + U has a generalized weak δ-supplement in M , then U also has a generalized weak δ-supplement in M .
Proof. Let X be a generalized weak δ-supplement of N + U in M . Then we have
Since U is a cofinite submodule, M U is a finitely generated module. The last module is a finitely generated module hence N ∩ (X + U ) has a gene-
Proposition 3.5. Any arbitrary sum of δ-CGWS-modules is a δ-CGWSmodule.
Proof. Let M = ∑ i∈I M i where each module M i is a cofinitely generalized δ-weak supplemented and N be a cofinite submodule of M . Then M N is generated by some finite set {x 1 + N, x 2 + N, . . . , x n + N } and therefore M = Rx 1 + Rx 2 + . . . + Rx n + N . Since each x i is contained in the sum Proof. Let U be any cofinite submodule of M . Note that The converse is by Corollary 3.8. 
Proof. Since δ(M
proof is obvious. Corollary 3.14. For a finitely generated module M , the following statements are equivalent:
(ii) M is cofinitely generalized weak δ-supplemented;
(ii) ⇒ (iii) Since M is finitely generated, the result follows from Theorem 3.13.
(iii) ⇒ (iv) Let U is a submodule of M . Since M is a finitely generated, U is a cofinite submodule of M . By the assumption, M is weakly δ-supplemented.
(iv) ⇒ (i) It is an immediate result of δ(M ) = ∑ K≪ δ M K.
Generalized cofinitely δ-semiperfect modules
In this section, we characterize generalized cofinitely δ-semiperfect modules via generalized projective δ-covers of the generalized δ-supplement submodules. 
